A limit equilibrium method for progressive failure analysis of slopes is proposed based on a technique of non-vertical slices . The local factors of safety are calculated by defining variable factor of safety instead of conventional single value factor of safety along a shear surface. Reasonable simplifying assumptions about the inter-slice forces and the line of thrust are made to render the problem statically determinate. Strain softening, though in an approximate manner, is considered in the solution procedure. The analysis of a field case history indicates that the proposed method realistically represent the behaviour of progressive failure of an actual slope. Another case study revealed that in certain conditions a reasonable solution can be obtained using non -vertical slice approach, but the vertical slice analysis does not work well in obtaining reliable results . The proposed method, which can also handle vertical slice division, enables the user to choose more appropriate results either from vertical or from non-vertical slice analyses.
1.Introduction
An actual failed slope generally exhibits the behaviour of progressive failure ; local yielding or failure initiated at some points gradually develops and finally leads to overall failure of the slope along a slip surface .
Therefore, a realistic analysis of slope stability should include the effect of such a process of progressive failure. The phenomenon of progressive failure of slopes was investigated early in 1960s (e.g. Skempton, 1964 ; Bishop, 1967 ; Bjerrum, 1967) . Numerical analysis techniques, such as finite element method (FEM) (e.g. Lo & Lee, 1973 ; Potts et al., 1990) , have been a useful tool for analysis of progressive failure in slopes. However, there are often difficulties in applying such complicated techniques ; the authors thus believe that it is still necessary to develop a simple method of stability analysis to account for the nature of progressive failure of slopes.
Limit equilibrium procedures have been widely used in conventional slope stability analyses. A number of attempts such as Law and Lumb, 1978 ; Chugh, 1986 ; Srbulov, 1987 have been made to consider the process of progressive failure based on the limit equilibrium concept. In the method of Law and Lumb, all the interslice forces are ignored. The solution procedure in the Srbulov's method is somewhat redundant as the numbers of unknowns and equations are not equal.
Chugh introduced one unknown scalar factor in his method, which seems to be difficult to determine. The above-mentioned methods are thus, not so satisfactory.
A limit equilibrium approach was developed (Yamagami & Taki, 1997 ; Yamagami et al., 1999) to carry out progressive failure analysis of slopes. The problem was made determinate well by simultaneously using the simplifying assumptions of the inter-slice forces and the line of thrust which were separately employed in Morgenstern-Price method (1965) and the Janbu method (1954) . The behaviour of soil softening was also taken into account in an approximate manner. The effectiveness of the method has been verified through a number of case studies.
All the aforementioned methods were presented using vertical slices. In principle, however, stability analysis should be performed using both vertical and nonvertical slice divisions on each slip surface to find the smallest factor of safety. Furthermore, it is necessary to check the physical acceptability of the solution, that is, the internal forces obtained from the solution must not violate failure criteria and tension must not be implied within the soil mass. Studies suggested that the vertical slice interfaces are sometimes not suitable for an evaluation of internal forces (Sarma, 1979) . For complex problems the conventional vertical slice approach has often experienced difficulties with solution instabilities (Donald & Chen, 1999 
From equations (1) and (2), we get, (4) By combining the equations (2), (3) and (4) for eliminating Ti and Ni, , we have, (5) where,
A 2 = m2 sin ƒÂi +m1 cos ƒÂi A3 = m2 cos ƒÂi+i-m1 sin ƒÂi+1
A 4 = m2 cos ƒÂi-m1 sin ƒÂi
To solve the equation (5), we assume, as mentioned before, the relation between inter-slice force E and X, which is similar to that of Morgenstern-Price method.
where ƒÉ is an unknown parameter to be determined , and f (x) is a known function.
Therefore, putting the value of Xi and Xi+1 from equation (6) we obtain a recurrence equation (7) of inter-slice forces.
Considering moment equilibrium (Mi=0) about the left corner-point, C (xbi, ybi) of the base of the slice, we obtain, 
In equation (9) A and Fi are the only unknowns, since a value for E +1 is determined from equation (7) with a previously determined value of E and then N, is calculated using the equation (4). Hence the equation (9) is re-written as,
By solving the equation (10) (for details see the section 2.3) with an iterative method, for example the Secant method (e.g. Jain, et al. 1993) , the moment equilibrium for individual slice is satisfied and the value of Fi
•c , n) in sequence can be obtained. The complete solution must satisfy the boundary condition, En+1=0 at the end of the slip surface.
Calculation procedures
The calculation procedures for local factors of safety of a slope, which is divided into n non-vertical slices numbering 1 to n from left to right, are as follows :
Step I :
Set one initial value of ƒÉ(=ƒÉ1) and the assumed known values of f (xi) , Zi, and di for n slices.
(2)
Step II : or half sine and so on. In the Janbu method, Z is assumed usually to be 1/3 of the inter-slice boundary.
And d is generally assumed to be at the center of slice base. Using these assumptions, the present procedure may not be converged. In vertical slice cases, it has been indicated that f (x) and Z must be optimized to obtain a complete converged solution (Yamagami, et. al. 1999) . A similar optimization procedure is thus constructed for the present study. In addition to f (x) and Z, d is also included in the optimization because the slice width may not always be small in the non-vertical slices analysis. So, the boundary condition can be reached by optimizing the following equation :
The Nelder-Mead simplex method (Nelder & Mead, 1965) for non-linear programming is applied to solve the equation (13).
Considering softening
In a slope, after the development of softening in certain part of the potential failure surface, the progressive failure would initiate, so that this fact must be considered in the calculation process. As the softening cannot be defined with the amount of deformation or strain in the limit equilibrium analysis, it is assumed that the soil resistance will drop abruptly to the final residual value (as Law and Lamb, 1978) immediately after reaching the peak value (Fig.2) .
Peak strength (Rh) and Residual-strength (Rr) are expressed as, 
where m is the number of slices with residual strength among the total slices (n). cases, sliding (overall failure) will not necessarily take place along the slip surface unless the overall factor of safety is at unity or less than unity. In reality, however, the L.Fs.S. of local failure zones should be at unity (shear stresses being equal to shear strengths) as long as the soil mass above the slip surface is in equilibrium.
To meet this condition, Yamagami et al. (1999) (2) Second step Fig.3(b) shows a situation just after the First step where the F; is equal to unity. Assume that a part, p'oq'o of the slip surface have locally failed as result of First step. Usually, the part p 'oq '0 does not coincide with the initial failure zone Poqo shown in Fig.3(a) . Now suppose that slice k has the smallest L.F.S among all the local factors of safety. Then, we conduct a similar computation of AILC with the condition that P, =1.0 and Fk=1.0 (Fig.3(c) ), and a new set of L.Fs.S. will be obtained as a converged solution. Subsequently, a similar iterative computation is done in order to obtain the solution in which, beside the slices j and k, another slice 1 retains a factor of safety of 1.0. In this way, each local factor of safety becomes equal to unity one by Fig. 3 (a) A situation just after AILC.
Fig. 3 (b)
A situation just after the first step of AGLC. We may find a situation where a converged solution cannot be obtained even after all the L.Fs.S. have become equal to unity. This case suggests that the overall factor of safety is less than unity and implies that complete failure would take place along the slip surface.
Case studies and discussions
We present two example case studies to demonstrate the capability of the proposed method. As this method can also handle the vertical slice pattern, each example was analyzed by dividing the slope into both non-vertical and vertical slices. Fig.4(a) ). The proposed method was used to calculate local factors of safety along the slip surface ABCD shown in Fig.6(b) . The division of non-vertical slices and soil pa rameters used in the calculations are presented in Fig.6(a) . Note that the residual strength parameters of soil #1 and soil #2 (weak layer) are taken to be the same as their peak values in the present study. The results of the proposed method are illustrated in Fig.6 (c). Fig.7 shows the distribution of interslice forces E , X and normal force N on the slip surface. It can be obtained from the GWEDGEM (Donald and Giam, 1989 ).
An attempt has been made to analyze the above ex ample by dividing the slope into vertical slices as shown in Fig.6 (a) by vertical broken lines. As a result, the analyses always suffered from negative horizontal stresses, which took place at the vertical slice bounda -ries. In other words, the statically admissible condi -tions were not satisfied in the analysis procedure using vertical slices. Therefore, in this case, the analyses us -ing vertical slices completely failed to find a reasonable solution. This indicates that the proposed method us -ing non-vertical slices is, in certain instances, more ef -fective than those based on the analysis using vertical slices.
Conclusions
A method of progressive failure analysis of slopes using non-vertical slices has been proposed. A local fac -tor of safety is assigned at the base of each slice within the limit equilibrium concept. By introducing the sim -plifying assumptions about the inter-slice forces and the line of thrust used separately in the MorgensternPrice and Janbu methods, the problem has been com -pletely rendered statically determinate. Softening ef -fects of the slope materials can be included by means of residual strength parameters during the solution
procedures. An optimized computation procedure was presented to obtain reliable, completely converged so -lutions.
The analysis of a field case history indicated that a realistic simulation of the actual slope failure was ob -tained from the proposed method. In the case of the slope with a weak layer, a reasonable solution was at -tained using non-vertical slice approach. However, the analysis based on vertical slice pattern did not work well to produce the reliable results due to appearance of negative horizontal interslice forces. This signifies that the proposed method using non-vertical slices, in certain instances is more effective than that based on vertical slice analysis. Therefore, the method can pro vide an alternative way to select the best results either from vertical or from non-vertical slice analyses.
